Research Journal of Mathematics and Statistics 5(4): 32-42, 2013
ISSN: 2042-2024, e-ISSN: 2040-7505

© Maxwell Scientific Organization, 2013
Submitted: August 31, 2013

Accepted: September 10, 2013 Published: November 30, 2013
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Abstract: Stiff ordinary differential equations pose computational difficulties as they present severe step size
restrictions on the numerical methods to be used. Construction of numerical methods that possess suitable stability
properties for the solution of such systems has been the target of many researchers. Development of methods
suitable for these systems of equations has been either through the use of derivative of the solution or by introducing
off-step points, additional stages or super future points. These processes have been exploited in Runge-Kutta
methods or linear multistep methods. In this study, an improved class of linear multistep block method has been
constructed based on Adams Moulton block methods. The improved methods are shown to be A-stable, a property
desirable to handle stiff ODEs. Methods of uniform orders 10 and 11 have been constructed. The efficiency of the
new methods tested on stiff systems of ODEs and the results reveal that the MOBAM methods compare favourably

with results obtained using the state of the art Matlab Ode23 solver.
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INTRODUCTION

Stiff initial value problems of ordinary differential
equations were realized in 1952 arising from the study
of chemical kinetics. Since then, many researches have
been involved in the study and development of suitable
numerical methods to handle them. Curtiss and
Hirschfelder (1952), Mitchell and Craggs (1953) and
Gear (1971) developed the Backward Differential
Formulae which were used to solve stiff problems
arising from chemical kinetics. Intensive work done in
this regard vyielding several efficient numerical
algorithms has appeared in the literature. Because of the
severe restriction on step size placed on Adams
Moulton methods for the solution of stiff ODEs,
Garfinket et al. (1978) introduced the concept of A-
stability for linear multistep methods. This property
became the minimum requirement for any linear
multistep method to be used for the solution of stiff
ODEs. Achieving A-stability was difficult, other
stability requirements such as A(o)-stability and stiffly
stability were considered. Chakrararti and Kamel
(1983) developed stiffly stable second derivative
methods with high order and improved stability regions
to handle stiff problems. Several other researchers such
as Samir (2013), Evelyn and Renante (2006), Song
(2010), Vlachos et al. (2009) and Ali and Gholamreza
(2012) developed improved and more friendly
numerical methods with improved stability properties
that could handle stiff ODEs with various degrees of
stiffness.

In this study, we pursue the path of Adams
Moulton methods by constructing A-stable block linear
multistep methods of uniform order 10 and 11. These
methods are obtained by modifying the Adams Moulton
method of step number 9 by reducing its interpolation
step number from 8 to 3. This approach is similar to
that of Brugnano and Trigiante (1998) where they
developed the Generalized Adams methods.

The modified methods are constructed using the
concept of multistep collocation of Lie and Norsett
(1989) which Onumanyi et al. (1994, 1999) referred to
as block linear multistep methods. The block methods
are arrived at by evaluating the continuous formulation
of the new method at grid and off grid points to yield
the discrete schemes used as block integrators. The
methods are applied simultaneously producing self-
starting methods thus eliminating the issue of overlap of
pieces of solutions.

CONSTRUCTION OF THE NEW METHOD

The k-step general linear multistep method for
numerically solving the differential equation:

y'=f(xy), y(%)=Y,, xe[ab], yeR (1)

is described by the linear difference equation:
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With h being the step size, a;(x) and B;(x) being the continuous coefficients of the method.
The new improved nine step method based on the Adams Moulton method is defined as:

yn+v - av—l(x) yn+v—1 = hz /Bj (X) fn+j (3)
j=0

where, v =K1 ,a L, and 3 (x)are the continuous coefficients of the method, m is the number of distinct collocation

points, h is the step sizeand k = m-1=3,5,7,9,...
Using the method in Onumanyi et al. (1994, 1999) and further studied by Kumleng et al. (2012) and Chollom
et al. (2012) the method (3) for V = % and j =0, 1... 9 sequence in the matrix form:

DC=1 4)
where, D=C™, c™* being the elements of the continuous coefficients of the method.
Construction of MOBAM K = 9: This method has its general form as:

Y0 = @Yo+ A (00T, =09 ©)

Using the procedure in Onumanyi et al. (1999), we obtain the D matrix for (5) as:

1 Xn+3 X§+3 Xg+3 X:+3 X§+3 X:+3 sz+3 X§+3 Xg+3 Xi?S
0 1 2x, 3 4 b5x 6 7x 8 9 10x]
0 1 2x,, 3, 4, 5%, 6, 7x%, 8x, 9xi, 10x,, (6)
0 1 2x,., 3x, 4, 5¢, 6X, 7x, 8, 9x, 10X,
0 1 2xn+3 3X§+3 4Xn+3 5Xn+3 6X§+3 7Xn+3 8Xn+3 9X5+3 lOXVHS
D={0 1 2x,, 3x, 4%, 5x., 6x., 7x, 8, 9x, 10x,
0 1 2Xn+5 3X§+5 4X§+5 5X:+5 6X§+5 7Xr?+5 8Xr:+5 9Xg+5 10X:+5
0 1 2x, 3¢, 45, 5xi, 6X., 7x°, 8x/, 9x2, 10x,
0 1 2x., 3%, 4, 5xn+7 6x., X, 8xl, 9, 10x,
0 1 2%, 3x, 4xn+B 5Xie B6X. XS, 8L, 9X, 10X,
10 1 2%, I, 43, 5xio 6X, XS, 8x, 9x%, 10x,

Using the Maple software, the inverse of the matrix (6) is obtained and represented as C, the elements of which
yield the continuous coefficients a3(x) and gj(x), j = 0,1,...9 of the method (5) as:

a,(x) =1
ﬂ (X) (_M _ 71294 4 6515.°  4523* | 194°  3013° 5u7 2948 P )
0 12800+ 504t © goagn?  907h°  128n*  10368M°  1344° 96764 = 72576°  3628800°
,3 (X) _ (_ 147429 + _4609.° n 14139*  76674° | 78074° 114’ 594° 114 )
1 89600 840n2 448°  7200h* © 3456(°  360h°  2304(h7  9072(° 40320m9

ﬁ (X) (279h _QL_,’_ 5869.°  20837* | 2490%°  67874° | 5634  74° 4340 )
2 1600 420n? 22400° 7200n*  864(h°  504(h® 7200 9072(h® mosom9
_( 1327%h 14/1 _6289° | 72569’  4013° | 1387%° 401’ 31.°
X) = (-1 4 - -4 -
ﬂ3( ) ( 5600 27002 432° 600n* 864ch°  168h°  144ch’ 648(]13 4320019) (7)
ﬂ (X) _ (19107n 63/1 n 6499.°  65194* | 122249°  36769° | 3313’  353° 4’ )
4 8960 240n° 320n° 14400*  17280° © 1008h® 1152007  25920°  2880(h°
ﬂ (X) ( 63/1 _2654° | 1004t 5273 | 32773° _ 3054 674 4° i 12 )
5 44800 5h 12n? 64h° 720h* © 17280°  1008° 2304  648n®  2880(h°
ﬂ (X) 503h _ 7y 6709.° 843074 | 10279%°  9823° | 31347  53.° 137 )
6 5600 540h° 864(h° 240h*  8640h°  168ch°  288th’  1296(h°  4320(h°
ﬂ (X) (_ 366 + lSu 967;13 4101* _ 2939u° 38].7,&16 _ 373u" 151;13 _ 19/19 )
7 11200 210h%  112¢h®  180th*  864Ch®  5040h°  2016(h’  4536(0h° 1oosom9
ﬂ (X) (gogh _QL_,_ 34074°  1823* | 10579°  3487u° 347" 4y 37 )
8 12800 16h ' 3336m®  2240n°  2880h"  3456(h°  2016(h°  2304(h' = 36288(° 40320m9

35847 180 756’ | 3628807  240Ch° | 103680°  560h° | 6912(h 907207 362880@9

Lo(X)=(- 26h | p° 7647 | 2053%‘ 8o | 1069 4 5 )
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Substituting the continuous coefficients (7) into (5) yields the continuous form of the MOBAM method (8):

y(x n )_y +(_3591h+ _7129/42+6515/13_4523,u4 194°  30134° su’ 2948 P )f n
n T H n+3 12600 T 4 “Sa0m 6048h2  9072h®  128h*  103680h°  1344h®  96768h’ ' 72576h®  3628800h°/ "N

(_147429h n 9y’ 4609 +14139/14_7667,u§ 78074° 114’ 5940 11yt 120 )f n
89600 2h 840h? 4480n®  7200n* © 34560h°  360h®  23040n"  90720h®  403200n°/ "N+l

279h _ 9u* | 58694°  20837u° | 24901°  6787u° | 5634 748 43,°

10
K f
1600 h 420n? 2240h3 7200n*  8640h° © 5040n°  720n”  90720h° 100800h9) n+2
(_ 13273h +14;1Z _ 62894° | 725694°  40134° | 138734° 4014 | 31,8 74

10
5600 h 2 3 4 5 6 7 8 + £ 9) f 3 +
270h 4320h 600h 8640h 1680h°  1440h"  6480h°  43200n°/ "N+
19107h _ 634° | 64994°  6519x° | 122249,°  367694° | 33134 3538 41,°

10
2 3 n 5 5 7 3 - 9 ) f 4T (8)
8960 4h 240h 320h 14400h 17280h 10080h®  11520h 25920h 28800h° 7/ "N+

(_ 73800h , 634 2654 | 1001u*  52734° | 327734° 3054’ | 6744 40 n 1 )f n
44800 5h 12h? 64h° 720h* © 17280h°  1008h® © 2304h”  648h® © 28800n°/ "N+S
(m _7ub | 67094  84307u* | 102794°  98234° | 3134 53,° n 134 4 ) foa
5600 h 540h? 8640h° 2400h*  8640h° ~ 1680h°  2880h7 = 12960h®  43200n°/ " N+6

(_ 3663h , 184  9674° | 41014 2939.° | 381745 3734 1518 194°

10
L Nf o+
11200 7h 210n?  1120n®  1800h*  8640h°  5040n°  20160h"  45360h° lOOBOOhg) n+7

gooh _ 94* | 34074°  1823u" | 10579.°  3487.° a7y’ 4l n 37u® )f n
12800  16h ' 33360n?  2240h°  28800h*  34560h°  20160h°  23040h' = 362880h°  403200h°/ N+8
(_ 25h wt 161t 29531 89u° 10694° 4 1348 o 1P
3584

+

- - + f
18h  7560n? © 362880h°  2400h* © 103680h°  560h°  69120h7  90720h° 3628800h9) n+9

where, ;s = x — x, and i [o, gh]. Evaluating the continuous scheme (8) at the following points
4 =0,h,2h,4h,5h,6h,7h,8h,9h Yyields the MOBAM method (9) for k = 9 used in block for the solution of ODEs:

Yous — Vo = 5ol (25137 f, +147429f, | 15624 f, , + 212368 f, , —191070f, , +
147618, —80624f, , +29304f  —6363f, , +625f, )
Yo — Yous = o5 (729 f, — 38938, , —156340f, , —18742f, , —28234f, , +
24266, —13492f, . +4910f , —1063f, , +104f, ;)
Yorz = Yous = ol (—10625 f, +163531f,,, — 3133688, , —5597072f, , + 2166334 f, ,
~1295810f, . + 617584 f, , — 206072, , + 42187 f, , —3969f, )
Yora = Yous = 72ty (—3969 f, + 50315, , — 342136, + 3609968, , +4763582f, , —
1166146, + 4623201, , —141304f  +27467f, , — 24971 ;)
Yous — Yous = 1l (<23, +334f,, —2804f, , + 46378, , +139030f,,, + 46378 f, , —
2804f,, +334f, , —23f )
Yos — Yous = moi55 (—49f, +603f,,, —3960f, , +42352f, , + 95454 , +95454f , +
42352f,  —3960f, ., +603f ,—49f )
Vour = Yous = mios (131, — 224, +5494f , +17632f, , +10870f,  +17632f, , +
5494 f ., —224f . +13f )
Yoo = Yous = s5iior (—425f, +4675f, , — 254001, , +171760f, , + 247150f, , +
381550 f, , +185200f,,, +387400f, , +101635f, , —2025f, ) )
Yoo — Yous =10 (9f, —90f, , +396f _, —598f, . +3798f, , —1494f , +
3980f,,, —306f, , +2313f, , +392f, )

Construction of Hybrid MOBAM K =9, x4 =1: This is the hybrid form of the MOBAM family for k=9. An off
step point is inserted in (5) to give its general form as:

Y(X) = 3 (X)Ys + hiﬂ,— () fr; + B, () oy j=01...9, u =4 (10)

j=0

Following a similar procedure as in above section gives the matrix:
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2 3 4 5 6 7 8 9 10
1 Xn+3 Xn+3 Xn+3 Xn+3 Xn+3 Xn+3 Xn+3 Xn+3 Xn+3 Xn+3
0 1 2x, 3> 4 5 6x2 7x> 8/ 9x* 10x’
2 3 4 5 6 7 8 9
0 1 2Xn+1 3Xn+l 4Xn+l 5Xn+l 6Xn+1 7Xn+l 8Xn+1 9Xn+1 10Xn+l
2 3 4 5 6 7 8 9
0 1 2Xn+2 3Xn+2 4'Xn+2 5Xn+2 6Xn+2 7Xn+2 8Xn+2 9Xn+2 10Xn+2
2 3 4 5 6 7 8 9
0 1 2Xn+3 3Xn+3 4Xn+3 5Xn+3 6Xn+3 7Xn+3 8Xn+3 gxn+3 10Xn+3
2 3 4 5 6 7 8 9
D _ 0 1 2Xn+4 3Xn+4 4Xn+4 5Xn+4 6Xn+4 7 Xn+4 8Xn+4 9Xn+4 10Xn+4
- 2 3 4 5 6 7 8 9
0 1 2 Xn+5 3Xn+5 4Xn+5 5Xn+5 6 Xn+5 7 Xn+5 8Xn+5 9 Xn+5 10Xn+5
2 3 4 5 6 7 8 9
0 1 2Xn+6 3Xn+6 4Xn+6 5Xn+6 6Xn+6 7Xn+6 8Xn+6 9Xn+6 10Xn+6
2 3 4 5 6 7 8 9
0 1 2Xn+7 3Xn+7 4Xn+7 5Xn+7 6Xn+7 7 Xn+7 8Xn+7 9Xn+7 10Xn+7
2 3 4 5 6 7 8 9
0 1 2Xn+8 3Xn+8 4Xn+8 5Xn+8 6Xn+8 7Xn+8 8Xn+8 gxn+8 10Xn+8
2 3 4 5 6 7 8 9
0 1 2Xn+% 3xn+% AX. 5xn+% 6Xn+% 7xn+% 8Xn+% 9xn+% 10xn+%
2 3 4 5 6 7 8 9
_0 1 2Xn+9 3Xn+9 4Xn+9 5Xn+9 6Xn+9 7Xn+9 8Xn+9 9Xn+9 10Xn+9

11
Xn+3

11x2
11x%°

n+l

11x2

n+2

11x¥°

n+3

11xX

n+4

11x2

n+5

11x*

n+6

11x*

n+7

11x2

n+8

11x¥°

17
n+2

11x*

n+9 _|

The continuous coefficients of the method (10) are similarly obtain from the inverse of (11) as:

ay,(x)=1
By (%) :(7 458162% +y7126233u? N 610807.° 36619%" +1205177/15 76871’
16755200 8568(h  51408M° 616896° 616896M* 176256M°
3419u7 _ 1123,° 4 167u° _ 1074° ot J
51408M° 1645054’ 3701374° 6168960G1° 33929280

169311%  51x° 83393°  7921u* 9335.° 12937u°
L) =|~ + - 7+ 3 ras 5
985600 10h 1260Ch 192Ch 6048h 3456
67T’ 1404°  u° . T
1120h°® 2304’ 2268&° 5760h° 3326400
B, (x) = 40736h 153u° Jr10481&13 ~ 40118nh* Jr371335;&45 ~165181°
2 8008000 13h 5460h? 2912*® 655200h* 11232(0°

8179’ 71039;18 4 22991° -~ 103" N utt
3276°® 37447 117936M° 1310400° 720720

4461460  2384% 111953%°  138460%° 759127° 332153%°
Bz () =| — + - + - +
1355200 11h 297h? 4752® 5940h* 9504°
8581’ . 2257u°  367u° 101" ptt
1386(h° 3168’ 7128° 475200° 26136M*°
5,00 =[3767631 11947 +11552313 ~12382n° . 254760° 96619u°
N 98560 4h 2160h? 288h* 12960m*  1728(°

310347 1403.° N 703u° 114" . Vs
3024h° 11527 7776h® 2880h° 14256(0"°

B () = (_1882809\ +153;12 ~ 23533/° " 20667M* 10927%° +10972316 B
SR 492800 5h 420h? 448n° 5040n* 1728°
1727u’ N 3374°  1014° . 97u* ot
144Ch® 230407 9072h® 201600° 11088M*°
B () = 36073h 1194° +119093u3 ~318847° N 381983:° 45733:°
° 123200 5h 270h? 864h* 2160Ch* 864°
12893u"  23u° N 43u° 194 ot
1260Ch® 180h’ 432Ch® 4320h° 118800"°
£.(x) = _ 15627h +102y2 _171594° N 77453u*  4235594° . 29467u°
! 8800 7h 630h? 3360h3 37800h* 8640h°
169347 . 863.° _ 1034° 4 31 _ Mt
2520h°® 10080h’ 15120h® 100800h° 166320h*
B.(X) = 1140903 1534° N 60439.° 2457u° . 1521413,°  80437u°
8 985600 16h 3360h? 160h® 201600h* 34560h°®

- + +
10080n°® 23040n"  362880h° 57600n° 221760h™
35

4693y’ 1391.° 17774° 134"° 7 J

(11)

(12)
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£ (0 =[ - 3046144h  65536.% 1168015364° N 13342724  1482096644° .
B 4679675 12155 11486475h? 153153h® 34459425h*

97284° 30853124’  2564°  593924° 5124 10244" ]

n
7293h° 11486475h°®  7293h’ 20675655h® 3828825h° 379053675h™

X) = +
A> () (197120 18h  2520n? 362880h°  453600h* 103680h°
7 8 9 10 11
83u 4374° | Tl 89 R jf"*g

22423h  17p%  44994° 556819u* . 345019.° 24581u°

1728h° 69120h” 136080h°® 3628800h° 1995840h™°

Substituting the continuous coefficients (12) into (10) produces the continuous form of the new MOBAM
method for k =9, y = as:

4581629h 12623342 610807 ° 366199/14+1205177;t5 76871.°

+ X,) = + | — + 4 — +
Y4 FXn) = Yiss [ 16755200 ' *‘~ 85680h  514080hZ  616896h° & 6168960h®  1762560n°

— + +
514080h°® 1645056h” 3701376h° 61689600h° 33929280h™°

341947 11234.° 167 1.° 107 2*° ot jf
n

+ —
985600 10h 12600h? 1920h® 6048h* 34560h°

11

677107 149 4.8 2° 27*° y7; Jf 4
n+1

[_1693113h 5142 83393x° 7921u* 93354° 12937 4°

— + + —
11200h°® 23040h” 2268h® 57600h° 3326400

8008000  13h 5460h2 29120h° 655200h%  112320h°

81797 1039,..° 22994.° 1032 7
6 7+ 8 s 10 foiz +
32760h 37440h 1179360h 1310400h 720720h

[407367h 15342 104813.° 401181h* 3713351.° 165181.°

+ +
1355200 11h 2970h? 47520h° 59400h* 95040h°
858147 | 2257u° 367 1° 1012 s J
fn+3 +

[7 4461461h 238,% 111953x° 1384609h* 759127 4° 3321534°

- + - +
13860h° 31680h" 71280h°® 475200h° 261360h*°

[376763h 11947 N 115523,° 123821h* . 25476014° 96619.:°
98560 4h 2160h2 2880h°3 129600h* 17280h°

31037 14034.° 7034.° 1140*° ot jf 4
n+4

3024h° 11520h’ 77760h® 28800h°  142560h™

[_ 1882800h 153.%  235334° N 20667h*  1092794° . 1097234.°
492800 5h 420h? 448h* 5040h* 17280h°®

172747 337u° 101..° . o7 M J"‘5+ (13)

+
1440h°® 2304h” 9072h®  201600h° 110880h*°

360737h 11942 N 119093..° o 318847 1.* N 381983.° B 45733 ..°
123200 5h 2700h? 8640h° 21600h* 8640h°

1289347  23u° 434.° 19 4%° . M J .
n+6

+
12600h° 180h” 4320h®  43200h°  118800h™

_15627h  102p° 171594° 77453u" 423559u° 29467u°
8800 7h 630h? 3360h°  37800h*  8640h°
16934’ 863.° 1034° 317 ut
=+ 5 - foos +
2520h° ' 10080h

+
15120h®  100800h° 166320h*°

985600  16h  3360h?  160h°® = 201600h*  34560h°
7 8 9 10 11
46934 139L° | 1777u 134 j _—

[1140903h 15347 604394°  2457u°  15214134° 804374

i
- +
10080h° 23040h”  362880h° 57600h°  221760h™

~3046144h N 65536 4° _ 116801536 4.° N 13342724* _ 148209664 1.°
4679675 12155 11486475h* 153153h° 34459425h*

97284° 30853124"  2564° 593924° 5124 1024M ]
17
ey

+
7293h® 11486475h°  7293h" 20675655h° 3828825h° 379053675h™

36
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+ + - +
197120 18h 2520 h* 362880 h® 453600 h* 103680 h® 1728 h®
437 ,us . 71#9 89/110 /111 ]
n+9

(22423 h 174° 4499 x° 556819 u* 345019 n° 24581 p° 834’

+
69120 h” 136080 h® 3628800 h°® 1995840 h™

where, ;4 =x-x, and [0, 9h]. Evaluating the continuous scheme (13) at the following points
4 =0,h,2h,4h,5h,6h,7h,8h,1 h,9h Yyields the discrete members of the Modified Block Hybrid Adams Method
(MOBHAM) used as block integrators as:

Yo -Ynes = - pretieess (655172947 £, +4115957703f, -
1218842064 f, ,+7887863048 f,,,-9159108530 f,,,+9154217358 1, -
7015613176 f,,+4254794544 f ., -2773535193, ,+1559625728 f ,-272551565f,,)

n+6 n+7
Von-Yoes = soarismns (50461697 f -3041910300 f, -
12919661700f,,,-462284706 f ,,-4173983242 f,,,+4401077538 f, .-
3373129188 ,,,+2030152410f,,,-1312470159 f,+735182848 f ,-128011598,.,)

Yeo-Ynis— - sermmasaanss (0607643465 f, -10622743131f ,,+

n+3 n+4

239872909584 f,, ,+480783779736 f,,,-232034579062 f, +178839894090 f -
119438161128 f,,+66455799696 ,,,-40827431931f,,+22431268864 f ,-3841935383f,,, )
Yoes-Yes= - st (188536777 f,-2711763483f, +

21333375888, ,,-272743194984 f,,,-413057496566 f, ,,+133291433418 .-

74179086696 f,+37828966032 f,,,-22073336571f,,,+11903565824 f_,,-2007444439f, )
Yos-Ynes= - 5o (1469039 f,-22958364 f, -+

2072401321, ,,-3671758974f, ,-11242913110f,, ,-3605498754 f, -+

117533988 f,,+49927878 f,,-55696641f, ,,+34471936 f ,-6393530f )

n+7 n+8 n+%
Vs -Ynes = - ez (676819 f,-9663225 f -+

76071600 f, ,,-1050296312 f . ,-2703306034 f, , ,-2358687474f . -

1313459576 f,,,+235126320f,,,-113048793 f, ,+58064896 f  ,,-9459021f ., )

n+6 n+7 n+8 n+%
VoerYors = - s (177320, -2851563f, ,+
26317632, ,,-463764522 f, ,-1372289776 f ,,-926283930f -
1363849344 f ,,-476918442 f -16252928f ,+1971541f ;)

VorsYors = ool (1480765 f,-20558967 f, , +
1562272801, ,,-2062826376 f,,,-5235912110, ,,-4488330990 f .-

4496046984 f ,,-5126687280f,,,-2447435991 1, ,+489291776 f ,,-58258915f )
=l (60848359 f, - 868413975f,,, +

ym% “Yn+3 = ~ 263635865600

6868940100f, ,, - 97078557732, ,, - 256542831974, , - 207787036314, -

n+4

+45099912 f

n+7 n+8 +17

2

n+7 n+8

227009590236 f,, - 232587334980 ,, -189017501673f,,, - 27073183744 f ., - 783270631f,,,)
Yoo Yneg™ - m(15301fn_204204 fn+1+ (14)
1460844 f,,,-17238442 f,,,-40641458 f ,,-38375766 f,, -
33324148, ,,-44035134 f ,,-22688523f,,,-23461888 f ,-6130982f,,,)
STABILITY ANALYSIS OF THE NEW BLOCK METHODS
The block method (9) is represented by a matrix finite difference equation in block form as:
AVY,  =APY, +hBYF, (15)
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where,

Yw+l = (yn+11 yn+2’ yn+3i yn+41 yn+5’ yn+6! yn+71 yn+81 yn+9)T
YW = (yn—al yn—7 ' yn—el yn—5! yn—4l yn—3’ yn—Z’ yn—l’ yn)T

I:w :(fn+1' fn+2’ fn+3' fn+4' fn+5' fn+6' fn+7' fn+8’ fn+9)T

forw=0,...and n=0,9, ..., N-9 and the matrices A® A® B® being 9 by 9 matrices whose entries are given by
the coefficients of (9) and are as defined in equation (16) below:

U
|
1
|

00 1 00O0O0TO0OTO 000O00O0O0O OGO 01
10 -1000000 0000O0O0OO0O

01 -1000000 0000O0O0OUOO

00 -1100000 000O0O0OO0OGODO
A®=-10 0 -1 01 0000, A“<j0 000O0O0O0GO 0O

00 -1001000 00000O0O0OOOO

00 -1000100 00000O0O0OOO0O

00 -100001D0 000O00O0O0OTO0O

00 -1 0000 0 1] 00 00O0O0O0O0 O]

147429  -279 13273  -19107 73809 —5039 3663 —-909 25 ]
89600 1600 5600 8960 44800 5600 11200 12800 3584
—19469 - 7817 -9371  -14117 12133  -3373 491 —1063 13

56700 5670 56700 56700 56700 28350 11340 113400 14175
163531 —-391711 -349817 1083167 -—129581 38599 -—25759 42187 -7

7257600 907200 453600 3628800 725760 453600 907200 7257600 12800
10063 —42767 225623 2381791 -583073 5779 -17663 27467 — 2497

1451520 907200 453600 3628800 3628800 90720 907200 7257600 7257600

g _| 167 -701 23189 13903 23189  -701 167 -23 0
56700 28350 56700 11340 56700 28350 56700 113400
603 -99 2647 47727 47727 2647 —99 603 -7
89600 2240 5600 44800 44800 5600 2240 89600 12800
13 -32 5494 17632 2174 17632 5494 -32 13
14175 2025 14175 14175 2835 14175 14175 2025 14175
4675 -3175 10735 123575 190775 11575 48425 101635  —25
290304 36288 18144 145152 145152 18144 36288 290304 3584
-9 99 - 299 1899 - 747 199 -153 2313 7 (16)
140 350 700 700 700 70 700 1400 25

where, w =0,1,2,...9 and n is the grid index.

Zero-stability: Zero-stability is concerned with the stability of the difference system (15) as h tends to zero. Thus,
ash — 0, the method (15) tends to the difference system:

ADY,  =AOY, (17)
whose first characteristic polynomial p(A) is given by:

p(2) = JA® - AY| (18)
Substituting A©  A® from (16) into the characteristics polynomial (1) (18) gives:

p(A) = PA® — A®|= 2 (2-1) (19)

By Fatunla (1991), the block method (9) is zero-stable since in (19), p(1) =0 satisfies 4,]<1j=1.. and for

those roots with ‘ A ‘ =1, the multiplicity does not exceed 1. The block method is therefore convergent according to
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Im(z)

““““ * mobam
—*— mobham

Solution(y)

0.2 0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
Re(z)
Fig. 1: Absolute stability regions of the MOBAM methods
O y1 mobam
O y2 mobam
y1 ode23
y2 ode23
3 | | | | | | | | |
0 1 2 3 4 6 7 8 9 10

Fig. 2: Solution of example 1 using (10) and ode23

Henrici (1962). Since the MOBAM method is both
consistent and zero-stable, it is convergent. Using the
same procedure, the MOBHAM method in (14) is also
zero-stable and consistent, hence convergent.

Order of the MOBAM methods: The orders and error
constants of the new block methods are obtained using
Chollom et al. (2007).

The block method (10) is of uniform order

(10,10,10,10,10,10,10,10,10)" With error constants:

C,, = (-l _ _s0o
11 1971200 '~ 7484400 '

171137 90817 263

479001600 ' 479001600 ' 7484400 *

443 62 18665 179 \T

1971200 '~ 467775 ' 19160064 ' 30800

while the block method (15) is of uniform order
11,11,1111,11,1111,11,11,11)7 with error
constants:

39

— (24307 28249 36919

12 ™ \5420800 * 54885600 * 188179200 '

_ 37987 _ _ 4997 _ _ 443
439084800 '~ 164656800 ' 5420800 !

31 _ 5005  _ 4908607
1715175 ' 52600176 ! 59454250200 *

.
)

Absolute stability region of the MOBAM methods:
Following Chollom et al. (2007) and Butcher (1985),
the block methods (9) and (14) are reformulated as
General linear methods and the region of absolute
stability of the method was plotted using the matlab
program and is shown in Fig. 1.

Figure 1 reveals that the MOBAM methods are A-
stable.

NUMERICAL EXPERIMENTS

In this section, the MOBAM methods (9) and (14)
are tested on linear and nonlinear stiff initial value
problems of ODEs. The solution curves obtained for the
MOBAM methods are compared with the well-known
MATLAB ODE 23 solver.
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Oyl mobham
O y2 mobham
——ylode23
———y2o0de23
3
s
3
3 066666 J)
3 | | | | | | |
0 1 2 3 4 5 9 10
Time(t)
Fig. 3: Solution of example 1 using (15) and ode23
Oyl mobam
O y2 mobam
—ylode23
—y2o0de23
=
s
3
o
o]
A A
5 9
Timalf\
Fig. 4: Solution of example 2 using (10) and ode23
1
\ O y1 mobham
0.9 O y2 mobham
—ylode23
0.8 —y2o0de23
0.7
0.6
S}
c
2 05
3
[=}
a
0.4
0.3
0.2
0.1
0 A 4 4
5 9 10
Time(t)

Fig. 5: Solution of example 2 using (15) and ode23
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O y1 mobam
O y2 mobam
y1 ode23

—y2 o0de23

Fig. 6:
QR

25—

Solution(y)

a5 I 1 I I
0

Time(t)

O y1 mobham
O y2 mobham
y1ode 23
y2 ode 23

Fig. 7: Solution of example 3 using (15) and ode23

Example 1: We consider a well -known classical
system experimented in Baker (1989), Stabrowski
(1997), Vigo-Aguiar and Ramos (2007) and Akinfenwa
etal. (2011), in the range 0<t<10:

y, =998y, +1998y,, y,(0) =1
y, =-999y, ~1999y,, ,(0) =1

Its exact solution is given by the sum of two
decaying exponential components:

yl — 4e—t _3e—1000t, yl — _2e—t +3e—1000t

The stiffness ratio is 1:1000, h = 0.1 (Fig. 2 and 3)
Example 2: Consider the stiffly nonlinear problem

which was proposed by Kaps et al. (1981) in the range
0<t<10.

41

y, =—(e7+2)y, +¢&7ly;, y,(0)=1
Yo=Yi—Y.—Y;, ¥:(0)=1
The smaller is the &, the more serious the stiffness

of the system. Its exact solution is given by (Fig. 4
and 5):

y,=y2, y,=e',h=01,£=10"°

Example 3: Consider the stiff problem; see Brugnano
and Trigiante (1998):

y, =2y, +Y, +2sinx, y,(0)=2
y, =998y, —999y, +999(cos x —sinx), y,(0)=3

The stiffness ratio of the problem is 1000. h = 0.1,
0<x<10. Its exact solution is given by (Fig. 6 and 7):
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Yy, (X) =2e7™ +sinX, y,(x) =2e* +cosx
CONCLUSION

New MOBAM methods have been proposed and
implemented as self-starting methods for the solution of
stiff ordinary differential equations. The MOBAM
methods are A-stable making them suitable for the
numerical solution of stiff problems. The accuracy and
efficiency of the new block methods have been
demonstrated on both linear and non-linear stiff
problems as can be seen in Fig. 2 to 7. The authors in
the next work will address the theoretical aspect and
implementation strategies of the MOBAM class.
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