Novi SAD J. MATH. VoL. 48, No. 1, 2018, 129-141
https://doi.org/10.30755/N5JOM.07120

ALMOST KAHLER EIGHT-DIMENSIONAL WALKER
MANIFOLD

Abdoul Salam Diallo™, Silas Longwap® and Fortuné Massamba®

Abstract. A Walker n-manifold is a pseudo-Riemannian manifold
which admits a field of parallel null r-planes, with » < . The canonical
forms of the metrics were investigated by A. G. Walker [13]. Of special
interest are the even-dimensional Walker manifolds (n = 2m) with fields
of parallel null planes of half dimension (r = m). In this paper, we
investigate geometric properties of some curvature tensors of an eight-
dimensional Walker manifold. Theorems for the metric to be Einstein,
locally conformally flat and for the Walker eight-manifold to admit a
Kahler structure are given.
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1. Introduction

It is known that Walker metrics have served as a powerful tool for con-
structing interesting indefinite metrics which exhibit various aspects of geo-
metric properties not given by any positive definite metrics. Among these,
the significant Walker manifolds are the examples of the non-symmetric and
non-homogeneous Osserman manifolds [2]. It was shown in [G, @, 00] that the
Walker 4-manifolds of neutral signature admit a pair comprising of an almost
complex structure and an opposite almost complex structure, and that Petean’s
non-flat indefinite Kahler-Einstein metric on a torus was obtained as an exam-
ple of Walker 4-manifolds. Banyaga and Massamba in [{] derived a Walker
metric when studying the non-existence of certain Einstein metrics on some
symplectic manifolds. Moreover, an indefinite Ricci flat strictly almost Kéhler
metric on eight-dimensional torus was reported in [I1]. Thus the Walker 4-
and 8-manifolds display a large variety of indefinite geometry in dimensions
four and eight.
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Our aim is to study restricted 8-Walker metrics by focusing on their cur-
vature properties. The main results of this paper are the characterization of
Walker metrics which are Einstein, locally conformally flat and K&hler. The
paper is organized as follows. In Section B, we recall some basic notions about
Walker metrics. Two specific Walker metrics of 8-dimensional manifolds are
investigated in Section B. We find the form of the defining functions that makes
those metrics similar to Einstein and locally conformally flat metrics. In the
last section we give conditions for the Walker 8-manifold to admit a K&ahler
structure.

2. The canonical form of Walker metrics

Let M be a pseudo-Riemannian manifold of signature (n,n). Suppose that
the tangent bundle T'M splits as a sum of smooth sub-bundles D; and D,
called distributions:

TM =D & Ds.

This define two complementary projections 7, and me of TM onto D; and Ds.
We say that D; is parallel distribution if Vr; = 0. Equivalently this means
that if X; is any smooth vector field taking values in D;, then VX; again
takes values in D;. If M is Riemannian, we can take Dy = Di to be the
orthogonal complement of D; and in that case Dy is again parallel. In the
pseudo-Riemannian setting, D; N D2 need not be trivial. We say that D; is a
null parallel distribution if it is parallel and the metric restricted to D; vanishes
identically.

Walker [[3] studied pseudo-Riemannian manifolds (M, g) with a parallel
field of null planes D and derived a canonical form. Motivated by this seminal
work, one says that a pseudo-Riemannian manifold M which admits a null
parallel (i.e., degenerate) distribution D is a Walker manifold.

Canonical forms were known previously for parallel non-degenerate distri-
butions. In this case, the metric tensor, in matrix notation, is expressed in the
canonical form as

(2.1) (9i5) = ( 81 g >,

where A is a symmetric (r x r)- matrix whose coefficients are functions of
(u1,...,u,) and B is a symmetric (n — r) X (n —r) matrix whose coefficients
are functions of (ury1,...,u,). Here n is the dimension of M and r is the
dimension of the distribution D. We will refer to [2] for the proof of the
following theorems.

Theorem 2.1. 2] A canonical form for an n-dimensional pseudo-Riemannian
manifold (M,g) admitting a parallel field of null r-dimensional planes D is
given by the metric tensor in matrixz form as

0 0 Id,
(2.2) (95)=| 0 A H |,
14, ‘H B
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where Id,. is the (r x r)-identity matriz and A, B, H are matrices whose coeffi-
cients are functions of the coordinates satisfying the following:

1. A and B are symmetric matrices of orders (n—2r) x (n—2r) and (r xr),
respectively. H is a matriz of order (n — 2r) x r and *H stands for the
transpose of H.

2. A and H are independent of the coordinates (uy,...,uy).

Furthermore, the null parallel r-plane D is locally generated by the coordinate
vector fields {0y, ..., 0u, }-

Theorem 2.2. [2] A canonical form for an n-dimensional pseudo-Riemannian
manifold (M, g) admitting a strictly parallel field of null r-dimensional planes
D is given by the metric tensor as in Theorem B, where B is independent of
the coordinates (uq, ..., u;).

Recall that a Walker metric is said to be FEinstein Walker metric if its
Ricci tensor is a scalar multiple of the metric at each point. Four-dimensional
Einstein Walker manifolds form the underling structure of many geometric and
physical models such as; hh-space in general relativity, pp-wave model and
other areas, see, for example, [B] and references therein.

3. On eight-dimensional Walker metrics

A neutral g on an 8-manifold M is said to be a Walker metric if there exists
a 4-dimensional null distribution D on M which is parallel with respect to g.
From Walker theorem [I3], there is a system of coordinates (ug,...,us) with
respect to which g takes the local canonical form

(3.1) (9i5) = ( 134 I;i; ) :

where Idy is the (4 x 4)-identity matrix and B is an (4 X 4) symmetric matrix
whose coefficients are the functions of (uy,...,ug). Note that g is of neu-
tral signature (4,4) and that the parallel null 4-plane D is spanned locally by
{01,...,04}, where 9; = &,i=1,2,3,4.

In this paper, we consider the specific Walker metrics on 8-dimensional mani-
fold M with B of the form

(3.2) B=

S oo e
o o e O
o OO
Q@ O oo

da(ui,...,ug)
The non-vanishing components of the Christoffel symbols Ffj of the Levi-Civita
connection of the Walker metric (8) and (82) are given by

where a is a function of the (ug,...,us). We will denote by a; =

(3.3)
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a
lej = 7( 1951 + 3]911 - 8191]) + = ( 1955 + 8_7915 - 35913)
9 a 1
Iy = 7(3 gj2 + 0;9i2 — 52911) + 5( i9j6 + 0j9i6 — 36913),
3 a 1
Iy, = 7( i9j3 + 09i3 — 539”) + 5( 5957 + 0;9i7 — 3791;)
—a 1
F?j = 7 0igja + 059ia — 3491;) + 5 (3 958 + 0;Gi8 — 3891‘;‘),
1
F?j = 3 (aigjl +0;9i1 — 3191‘;‘)7 F?j =3 (8igj2 + 0;gi2 — 3291‘;‘),
: 1 . 1
Ly = 3 (@'9;’3 +0;9i3 — 3391']')7 Iy = 3 (@'9;‘4 + 0;gia — 3491'3').

A straightforward calculation shows that the non-vanishing components of
Levi-Civita connection of a Walker metric (Bl) and (B3) are given by

(3.4)
1
V3585 = 5 ((aa1 + 0,5)81 + (CLCLQ — aﬁ)ag + (aa3 — 037)63 + (CLCL4 — a8)5'4)
1
5(0,185 + a206 + a307 + a488)
1
Vo0 = 3 ((aal —a5)01 + (aas + ag)02 + (aas — a7)0s + (aay — a8)84)
1
5((“85 + a20¢ + az07 + (L4(98)
1
Vo, 0 = 3 ((aal —a5)01 + (aaz — ag)02 + (aas + a7)0s + (aay — a8)84)
1
§(a18r + a20¢ + a307 + a468)
1
Vasag = 5 ((aal - a5)81 + (aag - a6)82 + (aa3 — CL7)83 + (aa4 + Clg)@;;)
1
—5(661(95 + a206 + az07 + a40s),
Vouds = ~achh+ ~asds,  Voudr — ~ardi + ~azd
906 = 2661 2a5 25 05 7—2a71 2a5 35
Vouds = ~asdh+ tasds,  Vo,dr = —ards+ agd
9;08 = 2a81 205 25 96 7—2072 2a6 35
1 1 1 1
Vasag = 5(1882 + 5(1684, Va788 = §a833 + 5&784.
3.1. First class of Walker metrics
Suppose that a is a function of (uy,...,us). From the relations (84), after

a long but straightforward calculation, the non-zero components of the (1,3)-
curvature operator of any Walker metric (81l) and (BX2) is given by

(3.5)

aa1a aa2 aasa aasa
R(Ds,06)05 = ;231+7252 ;383+ ;4

04
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R(a5a 86)86

R(a5a 87)85

R(05,07)07

R(05,05)05

R(05,05)0s

R(06,07)06

R(0s,07)07

R(0s,0s)0%

R(aﬁa 88)88

R(87a a8)87

_1112(12 (95 _ 766 _ a2a3 87 _ a2a4 68,
aa1 aasa9 aaias aa1aq
—0 Oy — O3 — 19)
1= 2 2 2 3 2 4
a aa ala aja
+5185+ 12266+ 12387—|— 124885
aaias 81 aa2a3 62 4 aa3 (93 4 aasay (94
2 2
_a1az, G203 5 73 B Cl3€14a
05— 2205~ o 5
2
aay aa a2 aaias aa1ay
—Zly, - 8y — D5 — B
2 Tty P Ty BTy
2
a a1a a1a3 a104
+5 05 + 12286+ 5 O+ =5 Os;
2
aayay aas @y aasaq aajy
—0
3 01 5 O + 5 03 + 5 04
2
aiaq a204 aszayq a;
— G, — 2 — 0, — 2o,
2 P 2 P Ty T ™
2
aay aasa2 aaias aa1ay
—Zly, - By — D5 — B
I T R R
2
a aia a1 as asa
#7505+~ O + o On + — o Os;
aaias aa2a3 aa2s aasay
0 0 0 19)
5 U + 5 22 + 5 U8 + 5 04
_masy azas 9 — 367 P
2 2
aaias aasas aa3 aazay
— 01 — Oy — —=03 — 19)
D) 1 D) 2 3 D) 4
alaga + G,Qaga + a3a + a3a4 88,
aaq1ay aagQy aazay aa4
0 0 03 + —0
5 U + 5 2 + 5 8 + 5 1
2
aiay N azay ay
S, — 2y — B g, — S,
2 0 2 P Ty T ™
CLCL1CL2 aa2 aasas aaoay
01— —=09 — 03 — 19)
2 0 o T
ala,Q (95 n 0,2 (96 n a2a38 4 a204 68;
2 2
2
aa1aq aaoQy aazay aay
0 19, J3 + —0
5 + 5 2 + 5 8 + 5 1
_a1a485 _ a2a486 . a3a4a _ aia&

2 2 2 Ty

133
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2
2
ayas asas a3 asay
0 e + =0 Dg.
92 5 + 2 6 + 9 -+ B s

From the relations (B3), after a straightforward calculation, the non-zero com-
ponents of the (0,4)-curvature tensor of any Walker metric (B) and (B2) with
a = a(uy,...,us) are given by

(3.6) Riss6 = Rsesz = Rsrre = Rsssz = Rerr1 = Regs1 = a14a27
Riss7 = Rsees = Rs7r3 = Rssss = Riger = Hrss1 = a14a37
Risss = Rsees = Rs77a = Rsssa = Riges = Rir7s = a14a47
Rossr = Rsess = Rerrs = Hesss = Rager = Hrsse = a24a37
Rosss = Rseas = Rerra = Ressa = Raees = Rarrs = a24a47
R3s58 = Rsra5 = Rager = Rases = Rarrs = Rrsga = a34a47

2 2
Riges = Rirrs = Rigss = %, Ross6 = Rarre = Rogse = %,
2 2
R3ss7 =  Raeer = R3ser = %, Rys58 = Rages = Rarrs = %7
;

Next, let p(X,Y) = trace{Z — R(X,Z)Y} be the Ricci tensor. Then from
(B@) we have

(37) ps = gla3+ad+ad), pos = g(a}+ad+ad)
pro = glad+ad+ad), pss = g(a}+ad+ad)
a1G2 a1a3 104
P56 = - 9 P57 = — 9 P58 = — 9
a20a3 204 a30a4
per = — 5 P68 = — 5 prs = — 5

From (B72), the scalar curvature Sc = Zf 9" p;; of the Walker metric is zero.
We have the following result.

Theorem 3.1. A Walker metric given by (B) and (83) is not Einstein if the
function a depends only on (u,...,uq).

Proof. The Einstein equations defined by G;; = pi; — %gij for the Walker
metric given by (Bd) and (B2) with a = a(uy,...,us) are as follows:

ai1az a10q

Gsg = 5 =0, Ger=—-——=0 Gp=———=0
- _a2a3 - - _a2a4 _ _ _a3a4
Ger = 5 = 0, Ges= 5 0, Grs 5



and
Gss

Grr
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Lo o o Lo, o
5(‘12 +az+ay) =0, Ges = §(a1 +az+aj) =0
1 1
(@t +a3+a3) =0, Ggs = (el +a3+a3)=0.
O

This completes the proof.

Let W denote the Weyl conformal curvature tensor given by

W(X,Y,Z,T):

+

+

R(X,Y,Z,T)

S
(n—1)(n—2)
n i 9 p(Y,2)g(X,T) — p(X, Z)g(Y,T)
p(Y,T)g(X,Z) + p(X, T)g(Y, Z)}.

{g(K Z)9(X,T) - g(X, Z)g(Y, T)}

A pseudo-Riemannian manifold is locally conformally flat if and only if its
Weyl tensor vanishes. The non-zero components of Weyl conformal tensor of a

Walker metric defined by (Bdl) and (B2) with a = a(ua, ..

(3.8) Wisse
Wiees
Wirzs
Wisss

Wasse

Wages
Warrs
Wasgss
W3sse

W5

Wsrrs
Wigss

W4556

., uy4) are given by

a13a2’ Wissr = a13a37 Wisss = a13a47

%2(4&? +a24a?), Wieer = a14a3, Wiees = a14a47
%(M% +a3+4a3), Wire = a14a2, Wirrg = a14a4’
%(M% +a34a3), Wisse = a14a27 Wissr = a14a3’
%(M% +a3+a3), Wossr = a24a3’ Wasss = a24a4’
a13a27 Wager = a23a37 Wages = a23a47

a14a2, Warre = %((ﬁ +4a3 +ai), Worrs = a24a4’
a14a27 Wasse = ﬁ(af +4a3 +a3), Wassr = a24a3’
a24a37 Wiss7 = %(a% +4a3 +a3), Wasss = a34a4’
a14a3, Wager = %(af +dai +a}), Wiges = a34a4’
a13a37 Wsrr6 = a23a3’ Wsrrs = a33a4,

a14a37 Wisse = a24a37 Wissr = %(a% + a5 + 4a3),
a24a47 Wassr = a34a47 Wisss = %(a% + a3 + 4a3),
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a104 asay 1

Wiees = 1 Waieer = 1 Waiees = E(a% + a3 + 4a3),
a1ay4 A20a4 1

Wyrrs = 1 Wayrre = 1 Wyrrg = ﬁ(a:{ + a3 + 4a3),
ai1ay aoa4 azay

Wisss = 3 Wigse = 3 Wagsr = 3

Now it is possible to obtain the form of a locally conformally flat Walker metric
defined by (B) and (B2) with a = a(uq, ..., us).

Theorem 3.2. A Walker metric given by (Bdl) and (B2) with a = a(uy, ..., us)
18 locally conformally flat if the function a is constant.

Proof. From (BR) after a straightforward calculation. O

3.2. Strictly Walker metrics

One says that (M, g) is a strict Walker manifold if a is a function of the
(us,...,us). From the relations (B4), after a long but straightforward calcu-
lation, the non-zero components of the (1, 3)-curvature operator of any Walker
metric (B) and (B2) with a = a(us, ..., us) are given by

(3.9)
R(05,06)05 = %(ag,g, + agp)02 + %amag + %%884,
R(05,06)06 = —%(a55 + age)01 — %a5783 - %asg&;,
R(05,06)07 = —%%731 + %%752, R(05,06)0s = —%%851 + %068627
R(05,07)05 = %am(b + %(%5 + ar7)03 + %a78847
R(05,07)07 = —%((155 + arr)0r — %%682 - %%884,
R(05,07)06 = —%a7631 + %06683’ R(05,07)0s = —%amal + %%85’37
R(05,08)05 = %%632 + %%753 + %(%5 + ags)0a,
R(05,06)05 = —gasedh + saseds, R(35,05)00 = —asydn + Sas1dh,
R(35,06)05 =~ (ass + ass)On — Saseds — sasidl,
R(0,07)06 = 307531 + %(a%‘ +ar7)0s + %a785'4,
R(06,00)05 = —garsia+ gassds, R(3s,07)0s = —sarsis + Jaasds,
R(06,07)07 = —%%551 - %(%6 + ar7)02 — %%834,

1 1 1 1
R(07,08)05 = _§a8583 + §a7584, R(07,08)06 = —§a8653 + 56176547
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1 1 1
R(07,08)07 = §a8581 + §a8532 + §(a77 + agg )0y,
1 1 1
R(07,08)08 = *§a7531 - §a7632 - 5(077 + agg)0s.

From the relations (B), after a straightforward calculation, the non-zero
components of the (0,4)-curvature tensor of any Walker metric () and (B22)
with a = a(us, ..., us) are obtained as

(3.10) Rses7 = Resrs = %%7, Rses58 = Rergr = %%8,
Rse76 = Rssrs = %%7, Rses6 = Rs7sr = %%8,
Rs758 =  Reres = %am, Rs767 = Rsses = %a:aﬁ,
Rse56 = %(%5 +aes), Rsrsr = %(%5 +arr),
Rsgss = %(055 +asg), Rerer = %(%6 + arr),
Reses = %(GGG + ass),
Rrgrs = %(GW + ass)-

We have the following:

Theorem 3.3. Let (M,g) be as in (Bdl) and (B2) with a = a(us,...,us).
Then the following holds:

1. (M, g) is Ricci flat.

2. (M, g) is locally conformally flat if and only if (M, g) is flat. This means

the function a = a(us,...,us) is a constant.
Proof. From the formula py; = Ef i1 9" Ryij all the components of Ricci
tensor are zero. O

4. Almost Kahler Walker 8-manifolds

An almost Hermitian structure on a manifold M consists of a non-degenerate
2-form €2, an almost complex structure J and a metric ¢ satisfying the com-
patibility condition Q(X,Y) = g(JX,Y). If the 2-form  is closed (i.e., it is a
symplectic form) the structure is said to be almost Kéhler and (g, J) is said to
be Kébhler if, in addition, the almost complex structure J is integrable (i.e., it
is defined by a complex coordinate atlas on M). It is worth emphasizing that
each two of the objects (g, J, ) determine the third one. However, whenever
the starting point is a symplectic structure §2, there are many different pairs
(g, J) of almost Hermitian structures sharing the same Kéahler form €.
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Given a Walker 8-manifold M with a metric g, we can construct various
g-orthogonal almost complex structures J on M so that (M,g,J) is almost
Hermitian. We can define an almost complex structure as follows:

(4.1) JO, = 0y, JO3=04, JOy=-01, JOs=—03,
JOs = 0, JOr =03, JOg=—05, JOg=—0r.
From the actions of J on the 9;,7 =1,...,8, if we write JO; = Z?:I Jijaj, then

we can have the non-zero components Jij of J as follows:
(4.2) J=—dy=Js=-Ji=Jl=-J=J=-J] =1.

Next, we shall study this almost Hermitian structure (g, J) on R®, with g as in
(BEd), (B2) and J as in (E).

Associated with the almost Hermitian structure (g,.J) is the Kéhler form
Q, defined by Q(X,Y) = g(JX,Y) for any vector fields X,Y with coordinate

expression given by
(4.3) Q = > Q8:,0)du’ Adu!
i<j
= du' Adu? 4 dut A du® — du® A du® + dud A du?
+ dud Adu® = dut A du” + adu® A du® + adu” A dud.

We can compute the differential of Q as follows:

(4.4) dQ = ai (du' Adu® A du® + du® A du” A du®)
—l—ag(du Adu® A dub + du? A du” A du )
+ as (du3 A du® A du® + du® A du” A du )
+ ay (du4 Adu® A dub + du* A du” A du )
+ asdu® A du” A du® + agdu® A du” A du®
+ azdu’ A du® A du® + agdu® A du® A du®,

where a; = da/0;,i = 1,...,8. From this expression, we have the following

Proposition 4.1. The 2-form ) is symplectic if and only if the function a is
a constant.

The almost complex structure J is integrable if and only if the torsion of J
(Nijenhuis tensor) vanishes, i.e., the components

aJ} , 0 aJp OJh

h k k i J

(4.5) Ni, = 2§ ( o e ey

all vanish (cf. [I1]) with J7 as in (83). By explicit calculation, all components

of the Nijenhuis tensor Vamsh Recall that, the almost Hermitian structure
(g,J) is Kéhler if the 2-form is a symplectic form and J is integrable. Thus we
have:
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Theorem 4.2. The almost Hermitian Walker 8-manifold (M, g, J), with g as
in (83), (B2) and J as in (ED), is Kdhler if and only if the function a is a
constant.

A long standing problem in almost Hermitian geometry is that of relat-
ing the properties of the structure (g, J,{2) to the curvature of (M,g). For
example the Goldberg conjecture [7], which claims that if a compact almost
Kahler manifold is Einstein, then it is Kahler. This conjecture was proved by
K. Sekigawa [[Z], in the case of non-negative scalar curvature, but it remains
open in the negative case. Although the Goldberg conjecture is of global na-
ture, it is known that some additional curvature conditions suffice to show the
integrability of the almost complex structure at the local level.

Remark 4.3. Y. Matsushita [d] considered a restricted class of Walker 4-mani-
folds, by imposing a restriction on the general expression of the canonical form
of the metric of a Walker 4-manifold. On this restricted class of Walker 4-
manifolds Matsushita constructed an almost complex structure and an opposite
almost complex structure which commute and considers the associated Kéahler
forms. Then he gave conditions for the Walker 4-manifold to admit a symplectic
structure, the almost complex structure to be integrable and the metric to
be Einstein. That is, Matsushita shows that the class of Walker 4-manifolds
studied contains examples of indefinite Kéhler-Einstein 4-manifolds, examples
of indefinite Hermitian 4-manifolds and examples of indefinite almost Ké&hler
4-manifolds. Moreover, he also gave conditions for the opposite Kahler form to
be a symplectic form.

Matsushita [M0] studied the Walker 4-manifold as an almost Hermitian
4-manifold. The almost Kéhler condition, the Hermitian condition and the
Kéhler condition for the almost Hermitian structure (g, J) are explicitly given
in terms of three functions a, b and ¢ characterizing the metric g. If the almost
Hermitian structure (g, J) is Kéhler, then these functions a, b and c are all har-
monic with respect to two coordinates. From this fact, for any given harmonic
function of two variables, an indefinite Kéhler metric can be constructed on a
Walker 4-manifold, thereby giving a family of indefinite Kéhler 4-manifolds. It
should be noted that, in this family, a specific Kéhler metric thus constructed
is nothing but Petean’s non-flat indefinite Kéhler-Einstein metric on a com-
plex torus. The paper [I0] also includes a counterexample of indefinite and
non-compact type, constructed by Haze on a Walker 4-manifold, to the Gold-
berg conjecture [7]. The Walker 4-manifold with an opposite almost complex
structure is also analyzed as an opposite almost Hermitian 4-manifold.

In [5], it is proved that any proper almost Hermitian structure on a Walker
four-manifold is isotropic Kéhler. As examples, isotropic Kahler, almost Kéahler
and Hermitian structures can be defined on tori. Moreover, for almost Kéahler
Walker four-manifolds which are self-dual, -Einstein or Einstein, local descrip-
tions are given. As a consequence of such descriptions, it is shown that any
proper almost Kéhler Einstein structure is self-dual, Ricci flat and *-Ricci flat.
This is used to supply examples of flat indefinite non-Kéhler and almost Kéahler
structures.
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The authors in [@] provided a large family of non-Kéhler isotropic Kéhler
Hermitian structures having interesting curvature properties. They considered
Walker metrics on 4-manifolds together with the proper almost complex struc-
ture and obtained a local description of those metrics which are Hermitian or
locally conformally Kéahler and self-dual, -Einstein or Einstein. They also con-
structed examples of indefinite Einstein strictly almost Hermitian structures
showing that the integrability result given by Kirchberg in [8] does not hold for
metrics of signature (2, 2).

In [6], the authors studied a particular almost complex structure J. For
this, they explicitly solved the PDEs for the fundamental 2-form to be closed
(the almost Kéhler condition), and they gave the integrability condition of J,
which looks similar to the almost Kahler conditions. They also obtained Walker
metrics which can be Hermitian with respect to such J.

Acknowledgement

The first author expresses his deepest gratitude to CEA-MITIC of the Uni-
versité Gaston Berger de Saint-Louis (Sénégal) for financial support as well as
the University of KwaZulu-Natal for hospitality.

This work is based on the research supported in part by the National Re-
search Foundation of South Africa (Grant Numbers: 95931 and 106072).

References

[1] BANYAGA, A., AND MASsAMBA, F. Non-existence of certain Einstein metrics
on some symplectic manifolds. Forum Math. 28, 3 (2016), 527-537.

[2] BrROZOs-VAzQUEZ, M., GARrcf A Rfo, E., GILKEY, P., NIKCEVIC, S., AND
VAZQUEZ-LORENZO, R. The geometry of Walker manifolds, vol. 5 of Synthesis
Lectures on Mathematics and Statistics. Morgan & Claypool Publishers, Willis-
ton, VT, 2009. [Author name on title page: Ramén Vézques-Lorenzo].

[3] Cuaicui, M., GArcia-Rio, E., AND MATSUSHITA, Y. Curvature properties
of four-dimensional Walker metrics. Classical Quantum Gravity 22, 3 (2005),
559-577.

[4] Davipov, J., Diaz-Ramos, J. C., Garcia-Rio, E., MATSUSHITA, Y.,
MU~ SKAROV, O., AND VAzZQUEZ-LORENZO, R. Hermitian-Walker 4-manifolds.
J. Geom. Phys. 58, 3 (2008), 307-323.

[5] Davipov, J., Dfaz-Ramos, J. C., Garcia-Rio, E., MATSUSHITA, Y.,
MUSKAROV, O., AND VAzZQUEz-LORENZO, R. Almost Kihler Walker 4-
manifolds. J. Geom. Phys. 57, 3 (2007), 1075-1088.

[6] Garcia-Rio, E., Hazg, S., KATAYAMA, N., AND MATSUSHITA, Y. Symplec-
tic, Hermitian and K&hler structures on Walker 4-manifolds. J. Geom. 90, 1-2
(2008), 56-65.

[7] KIRCHBERG, K.-D. Some integrability conditions for almost Kéhler manifolds.
J. Geom. Phys. 49, 1 (2004), 101-115.

[8] KIRCHBERG, K.-D. Some integrability conditions for almost Kéhler manifolds.
J. Geom. Phys. 49, 1 (2004), 101-115.



Almost Kéahler eight-dimensional Walker manifold 141

[9] MATsUSHITA, Y. Four-dimensional Walker metrics and symplectic structures.
J. Geom. Phys. 52, 1 (2004), 89-99.

[10] MATSUSHITA, Y. Walker 4-manifolds with proper almost complex structures. J.
Geom. Phys. 55, 4 (2005), 385-398.

[11] MATSUSHITA, Y., HAZE, S., AND Law, P. R. Almost K&hler-Einstein structures
on 8-dimensional Walker manifolds. Monatsh. Math. 150, 1 (2007), 41-48.

[12] SEkiGAwWA, K. On some compact Einstein almost Kéhler manifolds. J. Math.
Soc. Japan 39, 4 (1987), 677-684.

[13] WALKER, A. G. Canonical form for a Riemannian space with a parallel field of
null planes. Quart. J. Math., Ozford Ser. (2) 1 (1950), 69-79.

Received by the editors November 24, 2017
First published online February 28, 2018



	Introduction
	The canonical form of Walker metrics
	On eight-dimensional Walker metrics
	First class of Walker metrics
	Strictly Walker metrics

	Almost Kähler Walker 8-manifolds

